Abstract. The aim of this paper is to construct a new expansion of (1 + 1/x) 
Introduction
The following Carleman inequality [4] ∞ n=1 (a 1 a 2 · · · a n ) 1/n < e ∞ n=1 a n , whenever a n ≥ 0, n = 1, 2, 3, . . . , with 0 < ∞ n=1 a n < ∞, has attracted the attention of many authors in the recent past. We refer here to the following results ∞ n=1 (a 1 a 2 · · · a n ) 1/n < e ∞ n=1 1 − 1 2n + 2 a n , (Bicheng and Debnath [2] )
(a 1 a 2 · · · a n ) 1/n < e ∞ n=1 1 + 1 n + 1/5 −1/2 a n , (Ping and Guozheng [6] ) ∞ n=1 (a 1 a 2 · · · a n ) 1/n < e ∞ n=1 1 − 1 2cn + 4c/3 + 1/2 c a n , (Yang [7] ). Moreover, Yang [7] proved ∞ n=1 (a 1 a 2 · · · a n ) 1/n < e 
This open problem was recently solved by Yang [7] , who proved
whenever a n ≥ 0, n = 1, 2, 3, . . . , with 0 < ∞ n=1 a n < ∞, where b 0 = 1 and
This conjecture was proved and discussed also by Yang [8] , Gyllenberg and Yan [3] , and Yue [9] . In the final part of his paper, Yang [8] remarked that in order to obtain better results, the right-hand side of (1.1) could be replaced by
, but informations about values of ε are not provided. We prove in this paper that ε = 11/12 provides the fastes series
n ) and also formulas for coefficients d n are given.
The Results
By truncation of the series
we obtain approximations of any desired accuracy n −k . The first approximation is
n + 1 but it is interesting to find the best approximation of the form
This problem was solved in [5] , where the best values a = 2, b = 11 6 were found. The proof of this fact is based on the following lemma, which is a powerfull tool for measuring the speed of convergence. Lemma 1. If (ω n ) n≥1 is convergent to zero and there exists the limit
with k > 1, then there exists the limit:
Hence if replace n+ 1 by n+ 11 12 in (2.2), a better approximation can be obtained. An idea arises naturally: to construct a series (2.1) in negative powers of n + 11 12 . This fact will also solve an open problem posed by Yang, who remarked in the final part of his paper [8] that in order to obtain better results, the right side of (2.1) could be replaced by
, where ε ∈ (0, 1], but informations about values of ε are not provided.
Our above studies show that the value ε = 11 12 gives indeed better results. The same method using Lemma 1 produces the series We concentrate now to give a recurrence relation for sequence d n . First we state the following Lemma 2. Let
where c 0 = 1 and
where a n = n + 1 12 n+2
Proof. Using Maclaurin series, we have
Now we can denote g ′ (t) = g (t) ϕ (t) , where
a n t n , a n = n + 1 12 n+2
Thanks to Leibniz rule,
which is the conclusion.
By taking t = m + 11 12
, we obtain the following n − k 12 n−k+1
In the last part of this paper we give an integral representation of d n . To do this, we make appeal to the following result stated in [1] .
Then we have 
